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𝑚

𝑙0

• 𝑃⃗ 

• 𝑅⃗ 

• 𝐹 𝑠𝑝𝑟𝑖𝑛𝑔

∆𝑙 𝑘

𝐹 𝑠𝑝𝑟𝑖𝑛𝑔 = − 𝑘 ∆𝑙 𝑢⃗ 𝑥

• ∆𝑙 = 𝑙 − 𝑙0
• 𝑙0

• 𝑙 𝑡

𝑥

• ∆𝑙 𝑢⃗ 𝑥

• ∆𝑙 𝑢⃗ 𝑥

 

Figure 1: Free-body diagram for a spring. (Source)

https://www.physagreg.fr/mecanique/m13/M13-oscillateurs.pdf
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𝑥

• ∆𝑙 = 𝑙 − 𝑙0 = 0 

• ∆𝑙 = 𝑥

 

𝑚

∑𝐹𝑖⃗⃗ 

𝑖

=  𝑚𝑎 

𝑃⃗ + 𝑅⃗  + 𝐹 𝑠𝑝𝑟𝑖𝑛𝑔  = 𝑚𝑎 

𝑥

0 +  0 − 𝑘𝑥 = 𝑚𝑥̈

𝑥̈ +
𝑘

𝑚
𝑥 = 0 

𝑥̈ + 𝜔0
2𝑥 = 0

𝜔0 

𝜔0 = √
𝑘

𝑚

Figure 2: Free-body diagram in the case of a compressed (left) and an extended spring (right). (Source)

https://www.physagreg.fr/mecanique/m13/M13-oscillateurs.pdf
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𝑥(𝑡)

• 𝑥(0) = 𝑥0

• 𝑣(0) = 𝑣0

𝑥(𝑡) = 𝐴 cos(𝜔0𝑡) + 𝐵 𝑠𝑖𝑛(𝜔0𝑡) 

𝑥0 𝑣0 = 0

 

𝑥(0) = 𝐴 cos(0) + 𝐵 𝑠𝑖𝑛(0) = 𝐴 = 𝑥0 

𝑥(𝑡) = 𝑥0 cos(𝜔0𝑡) + 𝐵 𝑠𝑖𝑛(𝜔0𝑡)

𝑥̇(𝑡) = −𝑥0 𝜔0 sin(𝜔0𝑡) + 𝐵 𝜔0 𝑐𝑜𝑠 (𝜔0𝑡)

𝑥̇(𝑡) = −𝑥0 𝜔0 sin(0) + 𝐵 𝜔0 cos(0) = 𝐵 =  0 

𝑥̇(𝑡) = −𝑥0 𝜔0 sin(𝜔0𝑡)

𝑥̈(𝑡) = − 𝑥0 𝜔0
2 cos(𝜔0𝑡) = − 𝑥(𝑡) 𝜔0

2

− 𝑥0 𝑥0

𝑣0 𝑥0 = 0

𝑥(0) = 𝐴 cos(0) + 𝐵 sin(0) = 𝐴 = 0  

𝑥(𝑡) = 𝐵 sin(𝜔0𝑡)
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𝑥̇(𝑡) = 𝐵 𝜔0 cos(𝜔0𝑡)

𝑥̇(𝑡) = 𝐵 𝜔0 cos(0) = 𝐵𝜔0 =  𝑣0          ⟹         𝐵 =  
𝑣0

𝜔0
 

𝑥̇(𝑡) = 𝑣0  𝑐𝑜𝑠 (𝜔0𝑡)

𝑥̈(𝑡) = − 𝑣0 𝜔0 sin(𝜔0𝑡) = − 𝑥(𝑡) 𝜔0
2

−
𝑣0

𝜔0

𝑣0

𝜔0

𝑥0, 𝑣0)

𝑥(𝑡) = 𝑥0 cos(𝜔0𝑡) + 
𝑣0

𝜔0
 𝑠𝑖𝑛(𝜔0𝑡)

 

x0

T0 =
2𝜋

𝜔0
=  2𝜋 √

𝑚

𝑘

𝑥(𝑡) = 𝐴 cos(𝜔0𝑡) +  𝐵 sin(𝜔0𝑡)

𝑥(𝑡) = 𝐴 cos(𝜔0𝑡 + 𝜙)

𝜙

𝜙

Figure 3: Form of the oscillating solution (Source)

https://www.physagreg.fr/mecanique-13-oscillateurs.php
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𝐸𝑘 𝑚𝑣2

𝐸𝑝 𝑘𝑥2

𝐸𝑘 =
1

2
𝑚𝑣2 =  

1

2
 𝑚𝐴²𝜔0

2 sin²(𝜔0𝑡 + 𝜙) 

𝐸𝑝 =
1

2
𝑘𝑥2 =  

1

2
 𝑘𝐴² cos²(𝜔0𝑡 + 𝜙) 

𝜔0 = √
𝑘

𝑚

𝐸𝑘 =
1

2
𝑚𝑣2 = 

1

2
 𝑘𝐴² sin²(𝜔0𝑡 + 𝜙) 

𝐸𝑀 = 
1

2
 𝑘𝐴² sin²(𝜔0𝑡 + 𝜙) + 

1

2
 𝑘𝐴² cos²(𝜔0𝑡 + 𝜙) 

𝐸𝑀 = 
1

2
 𝑘𝐴2(sin²(𝜔0𝑡 + 𝜙) + cos2(𝜔0𝑡 + 𝜙)) 

𝐸𝑀 = 
1

2
 𝑘𝐴2 

 

 

Figure 4: Kinetic, potential and mechanical energy of a harmonic oscillator as a function of time on the left (Source), and 
the parabolic form of the potential energy on the right (Source).

https://uel.unisciel.fr/
https://www.methodephysique.fr/
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𝑓 =  −𝛼𝑣 

𝑥

𝑃⃗ + 𝑅⃗  + 𝐹 𝑠𝑝𝑟𝑖𝑛𝑔 + 𝑓  = 𝑚𝑎 

0 +  0 − 𝑘𝑥 − 𝛼𝑥̇ = 𝑚𝑥̈

𝑥̈ +
𝛼

𝑚
𝑥̇  +

𝑘

𝑚
𝑥 = 0

𝑥̈ +
1

𝜏
𝑥̇  + 𝜔0

2𝑥 = 0

𝜏 𝜏 =
𝑚

𝛼

𝑥̈ + 2𝜆𝑥̇  + 𝜔0
2𝑥 = 0

𝜆 =
1

2𝜏

𝜆 𝜔0

• 𝜆 <  𝜔0

• 𝜆 >  𝜔0

• 𝜆 =  𝜔0

𝜆 <  𝜔0 𝜆 >  𝜔0 𝜆 =  𝜔0

 

𝜆 <  𝜔0

𝑥(𝑡) = 𝑒−𝜆𝑡(𝐴 𝑐𝑜𝑠(𝜔𝑡) + 𝐵 𝑠𝑖𝑛(𝜔𝑡))

𝑥(𝑡) 
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𝜔0

 

𝜆 >  𝜔0

𝑥(𝑡) = 𝐴𝑒𝑟1𝑡 + 𝐵𝑒𝑟2𝑡

𝑟1 𝑟2

 

𝜆 =  𝜔0

𝑥(𝑡) = (𝐴 + 𝐵𝑡)𝑒−𝜔0𝑡

 

Figure 5 : Solutions of the damped oscillator model in the under-damped, over-damped and critically damped cases. (Source)

https://uel.unisciel.fr/
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• 𝐴

• 𝑇

• 𝑓

𝑓
1

𝑇
• 𝑐

• 𝜆:

 𝜆
𝑐

𝑓

 

𝛾

𝑐  

Figure 6 : Time dependence of a periodic signal.
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• 

• 

𝑠(𝑥 𝑡) 𝑓 𝑡
𝑥

𝑐

𝑠(𝑥 𝑡) 𝑓 𝑡
𝑥

𝑐

 

∆𝜙 𝑠2(𝑡) 𝑠1(𝑡)

∆𝜙 =  𝜙2 − 𝜙1 = −𝜔∆𝑡

𝑡 𝑠2(𝑡) 𝑠1(𝑡)

• 𝜙 𝑠2(𝑡) 𝑠1(𝑡)

• 𝜙 𝑠2(𝑡) 𝑠1(𝑡)

• ∆𝜙 = 0

• ∆𝜙 ≠ 0

• ∆𝜙 = 𝜋

• ∆𝜙 =
𝜋

2

𝑠(𝑥, 𝑡) = 𝐴 cos(𝜔𝑡 − 𝑘𝑥 + 𝜙)

𝜔 𝜋𝑓 𝑘
𝜔

𝑐

𝜙

 

Figure 7 : Phase shift between 2 signals.
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𝐿

𝑠1(𝑥, 𝑡) =  𝐴 cos (𝜔𝑡 − 𝑘𝑥) 

𝑠2(𝑥, 𝑡) =  𝐴 cos (𝜔𝑡 + 𝑘𝑥) 

𝑠(𝑥, 𝑡) = 𝐴 cos(𝜔𝑡 − 𝑘𝑥) +  𝐴 cos (𝜔𝑡 + 𝑘𝑥)

𝑠(𝑥, 𝑡) = 2𝐴 sin(𝜔𝑡) sin(𝑘𝑥)

𝑠(𝐿, 𝑡) 𝑡

sin(𝑘𝐿) = 0  ⇒ 𝑘𝑛𝐿 = 𝑛𝜋       with  𝑛 ∈ ℕ∗ 

  𝑘𝑛 =
𝑛𝜋

𝐿
 ⇔ 𝜔𝑛 =

𝑛𝜋𝑐

𝐿
       with 𝑛 ∈ ℕ∗ 

Figure 8: Standing waves on a guitar string.



11/11 
 

𝜆
𝑐

𝑓

2𝜋𝑐

𝜔

2𝜋

𝑘

𝜆𝑛 =
2𝐿

𝑛
       with 𝑛 ∈ ℕ∗

𝑠𝑛(𝑥, 𝑡) = 2𝐴 sin (
𝑛𝜋𝑥

𝐿
) sin(𝜔𝑡)

𝑠1

 

Figure 9: Fundamental and first harmonics of a string with fixed ends.  


